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Dry granular flows down an inclined channel: Experimental investigations
on the frictional-collisional regime
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This paper presents experimental results on dry granular flows down an inclined rough channel. Different
flow regimes were identified depending on the Froude number. For Froude numbers exceeding a critical value
(function of the channel slopeflow was characterized by a fairly linear velocity profile and a discharge
equation in the forngech™ with g the flow rate per unit widthh the flow depth, andi an exponent in the range
2-3(regimeA). When the Froude number was lower than the critical value, the flow was characterized by a
convex velocity profile and a discharge equation of the farmh", with n ranging from 0.97 to 1.16,
producing the striking result that the mean velocity was constant for a given inclination of the ctragirak
B). Experimental data were used to test three theoretical models developed to describe dry granular flows in a
frictional-collisional regime. Savage’s model provides results that capture experimental trends well and yield
the correct magnitude for velocity and discharge for regifpebut it reproduces the dependence of the
discharge on the channel slope for only a narrow range of s@&eB. Savage, it.S./Japan Seminar on New
Models and Constitutive Relations in the Mechanics of Granular Materials, Ithaca,, l&8ted by J. T.
Jenkins and M. SatakéElsevier Science Publishers, Amsterdam, 1982 261]. In contrast, Millset al’s
model is less refined and requires fitting an input parameter to give the correct magnitude of velocity but it
successfully accounts for the variation in the discharge with slope for regifioe a wide range of slopes
[Mills, Loggia, and Tixier, Europhys. Letd5, 733(1999; Eur. Phys. J. B, 5 (2000]. Ancey and Evesque’s
model is also crude in determining the density profile but manages to provide velocity profiles and discharge
equations in good agreement with experimental data for re@ifit@ Ancey and P. Evesque, Phys. Re\6E

8349(2000].
DOI: 10.1103/PhysReVvE.65.011304 PACS nunerd5.70—n, 45.50--j, 83.10.Gr
[. INTRODUCTION (also called “quasistatic” or “rate-independent plastjc”

Nco<1, bulk behavior is generally described within the soil-
This paper presents an experimental investigation into dryneéchanics framework by using empirical models or homog-
granular flows down an inclined channel, with specific atten-€nization techniques. In a simple shear flow, it is found that
tion directed to the frictional-collisional regime. Here the for sufficiently large deformations, the shear stress inde-

term “dry granular flows” refers to flows of a granular sus- pendent of the shear rate and is linearly linked to the normal

pension made up of solid particles in air. The solid concen—s'tressa [3]. The resulting relationship is known as the Cou-

) ) . . lomb law: 7=|o|tang, whereg, called theinternal friction
tration ¢ defined as the ratio of solid volume to total volume angle is a parameter intrinsic to the material. Frictional be-

is high, basically higher than 50% on average. The typicahayior originates at the particle scale from sustained fric-
particle size is assumed to be sufficiently large for the electional contacts between closely packed parti¢#s]. For a
trostatic effects and air fluidization to be negligible. Particlescollisional regimeNg,>1, (also called “grain-inertia re-
interact with each other in various ways: through sustainedjime” in reference to the pioneering work of Bagndhl),
contacts, which transmit forces throughout the bulk, or bybulk behavior is usually described using kinetic theories,
instantaneous contacts, which produce an exchange of mahich are based on an analogy with gafek In a simple
mentum between particles. The former type of contact ishear flow, the shear stressis linked to the shear rate
usually called “frictional contact” while the second is re- through a viscosity termy, which depends on the particle
ferred to as “collisional contact.” Here the frictional- velocity fluctuation strengtht= 7(T)y, whereT=(u’-u'),
collisional regime corresponds to a flow regime where bulkcalled thegranular temperaturgis the square root mean of
stress results from the combination of collisional and fric-the velocity fluctuationsu’. Furthermore, it is generally

tional contacts. Dimensional analysis can be helpful in delinfound that for a simple shear flow the viscosity varies as the
eating the flow regimes using dimensionless groggmse shear rate and thus the shear stress is a quadratic function of

[1,2)). This can be done, for example, using the Coulombihe Shear rate.

number, defined as the ratio of collision magnitude to the Relatively little is known on the frictional-collisional re-
typical s,tressz acting on particlesNe, = p,a’"2/S,, where gime from both theoretical and experimental points of view.
o] p ’

I'is the mean shear ratp, is the particle densitya is the Conceptually, the mere idea that collisional and frictional

: . L - : ) contacts coexist at high solid fractions may be seen as para-
particle radius. The frictional-collisional regime is expecteddoxicaL Indeed, for collisional contacts to be an efficient

to occur whemNco=0(1). _ _mechanism in bulk stress generation, the motion of particles
~ Such a regime is an intermediate stage between the friGhrough the bulk must not be too impeded and contacts must
tional and collisional regimes. For a purely frictional regime pe of short duration. Conversely, for frictional contacts to

1063-651X/2001/68)/01130419)/$20.00 65011304-1 ©2001 The American Physical Society



CHRISTOPHE ANCEY PHYSICAL REVIEW E 65 011304

contrast, due to the free surface that allows dilatancy, granu-
lar flows down an inclined channel are not subjected to such
disturbing effects, but contrary to the annular shear cell, the
shear rate cannot be imposed.

To date, few experiments have been carried out with the
objective of determining the rheological properties of granu-
lar flows in a frictional-collisional regime. It is well known
that the type of bottom roughness significantly affects the
nature and structure of flow. For a smooth bottom and shal-
low flows, the material flows as a diffuse, low-density layer
of strongly agitated particles while, for increasing flow
depth, a “locked” flow occurs with a high slip velocity at the
base and a vanishing shear rate inside the flowing material
FIG. 1. Normal force diagram in a dry granular flgaourtesy [1.1]' For a rough bottom, a sheared. flow occurs with a low

L slip velocity at the base. Most experimental research has fo-

of F. Chevoir and M. Prochnow, LMSGC, Champs sur Marlr]e‘cused on channels with a smooth base, most of the time in
France. The line thickness is proportional to the force strength. The ;

material is made up of polydisperse digksiform distribution in ]?rder tohmVES“gzte thl? COIIISAOHaI :’eglr?ﬁﬁl—Zil]. Ohnlz a
size ranging from 0.88 to 1.1R). The channel slope is 18°. The €W authors used inclined channels with a rough bottom.

Coulombic friction coefficient i$ = 0.4. The tangential and normal  USing @ 1.2-m-long channel, Suzuki and Tang&2] carried
restitution coefficients are zero. out tests on calcite, sand, and glass beads. They found that a
viscoplastic Bingham model could be used as a constitutive

influence bulk stress, particles must be closely packed witduation. In fact, owing to the narrow range of flow rates, a
contacts of long duration. Recent experiments and numericdinear relationship between discharge and flow depth fit their
simulations have contributed to clarifying this paradox. Theydata better and thus their conclusion was probably erroneous.
have shown that at any time in a simple shear flomnet-  Using a 1.2-m-long channel and polystyrene beads 1.2 mm
works of particles in close contact cover the flowing layer,in diameter, Savage measured the free surface pi@8g
(i) they transmit strong forces, ariiii) they surround par- The velocity profile at the sidewall and the free surface was
ticle clusters, where the stress level is much lower. Particleg1easured using two fiber optic probes and signal correlation
belonging to a force network experience sustained frictionalechniques. The velocity profiles measured at three slopes
forces (“strong population’, while particles in clusters (32.6°, 35.3°, and 39.3°) were convex, with an inflection
(“weak population”) are mainly subjected to collisions. Fig- point near the free surface. He gave some data concerning
ure 1 depicts a typical distribution of contact forces within athe discharge equation. From these data, we can deduce that
granular flow down an inclined channel, obtained byit was nearly linear. Velocity profiles were also measured by
Prochnow and co-workef8] using a contact dynamics nu- Ishida and co-worker§24—26. The channel was 0.954 m
merical scheme. Likewise, Capart and his co-work@s long and its base was roughened using sand paper. They used
measured the particle velocity and granular temperature fdhree types of particle: sand grai@.19 mm), glass bead
different kinds of water-saturated mixtures of cylinder- (0.35-0.5 mmy and alumina powde(0.23 mm). The base
shaped polyvinyl chloridéPVC) granules flowing down an Wwas aerated by injecting a flow rate of air through a porous
inclined channel. They observed regions where the granuld?ed. The profiles were slightly convex for lower channel
temperature was fairly high and mean velocities were noslopes (24 °) and tended toward a linear profile for increas-
well correlated, and other regions where the correlation iring slopes (30 °). No slip was observed at the bottom. Val-
the mean particle velocity was significantly enhanced andance[27] used a rough channel 1.2 m in length and 7.5 cm
granular temperature was decreased. in width. Using both a trapping system and image process-
From an experimental point of view, one is faced withing, he observed that the velocity profile was slightly convex
various difficulties when investigating the rheological prop-at the sidewall but linear inside the flow. For low inclinations
erties of a frictional-collisional regime. So far annular shearand flow depthsh, the dischargey varied ash®? while for
cells (a variant of the parallel-plate rheometand inclined  thick flows and slope in excess of a critical value close to the
channels have been the most common geometries used ifgernal friction angle, the discharge varied &% [27]. Us-
infer the constitutive characteristics of granular suspensiondng glass beads and a narrow chan(b cm wide, Ancey
An annular shear cell benefits from a simple viscometricand co-workerg28] found that for sufficiently large dis-
treatment since the shear-rate and stress distributions are neharges, the mass flow rate was linearly dependent on the
mally known in advance. However, in practice, various dis-flow depth for slopes ranging from 25° to 37 °. Pouliquen
turbing effects(shear-rate localization, stick-slip behavior, [29] used a very widg0.7 m) plare 2 m inlength. The
etc) limit the advantage of this geometry for granular flows. material was glass beads with the diameter ranging from 0.5
The origins of these disturbing effects have been partiallynm to 1.3 mm. After releasing the material contained in a
explained. For instance, by simulating a shearing box whosgox, he measured the velocity of the front using an image-
upper boundary sheared arrays of disks at constant volumprocessing system. Within the range of slope 20°-28°, he
Aharonov and Spark§10] observed intermittent networks found that the mean velocity at the leading edge varied as
due to grain jamming, resulting in a stick-slip motion. In In|o—¢|h®2 Using a 4-m-long channel and 3-mm glass
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The base of the channel was roughened by gluing beads on a
thin PVC band. After testing various glues, we found that the
best technique involved depositing beads on a double-sided
adhesive film. In this way a uniform random distribution of
T : beads over the surface was achieved. We made different
f /< AR Tl kinds of roughness. The typical diameter of roughn@$s
N ranged from 0.36 to 2 mm. At the upper channel entrance,
the supply hopper fed the channel through an intermediate
chamber. The mass flow rate was controlled by either a
N ; sluice gate at the exit of the chamber or directly at a cone-
/ shaped valve, which more or less obstructed the hopper exit.
In most cases, the latter system was used because it enabled
] us to obtain very large mass flow rates. The material flowed
N down the channel and fell into a collection hopper. Screws
I M L powered by two Siemens gears returned the material to the
T T < e supply hopper. The maximum mass flow rate was 1.5 kg/s.
o The cone-shaped valve was calibrated by weighing the mass
FIG. 2. Schematic view of the channel used. of fallen material for a given time interval. As is well known
o . for bins and hoppers, the mass flow rate does not depend on
beads, Hanes and Walton observed the collisional regimg,q height of material stocked inside the hopper, but only on
only for a narrow range of channel slog@sound 23°Y30].  the exit geometry34]. Uncertainty on the mass flow rate
In ad_dltlon,_afew experiments have been performed using,5s estimated around 5%. Tests were also performed to
a two-dimensional channel. Drak&1,32 used a 3.7-m-long verify whether vibrations induced by the two gears could
and 3.25-cm-wide channel and acetate beédam in diam-  affect the mass flow rate. Within the range of uncertainty, no
eten. Measuring the velocity and density profiles, he showedipration-induced effect was detected.
that flow could be dividefj into three layers: a slipping layer  The channel inclination ranged from 0° to 38°. It was
near the bottom, a chaotic zone, and a saltation layer near thgeasyred using an electronic clinometer PRO 360 provided
free surface. Azanza and co-workers ran similar experlmentgy the company PM Instrumentation. According to the pro-
and compared 'their data with predictions from a ki”et?cvider, slope uncertainty was approximately 0.1°, but due to
theory[33]; partial agreement was found when flow was di- the channel flexing as a result of its own weight, variations
lute (i.e., near the free surfapeOn the whole, all these ex- ot anaut 0.1 ° were possible at the middle of the channel. We
periments endeavored to measure a few quaniiieBcity  5intained an uncertainty of less than 1%. Two types of
profile, density profile, etg.in a narrow range of flow con- - cpannel were used. The first one was 2.5 cm wide and built
ditions without providing a cpmprehensive_picture qf thein PvC. The second one was 4.8 cm wide and primarily
flow pattern(flow regimes, discharge equation, &tcThis  yegigned in Plexiglas to have transparent sidewalls. How-
perhaps explains why they are not always consistent whegyer " 5 avoid strong electrostatic effects produced by the

compared with each other. For instance, in the case of dn,\ing material, the sidewalls had to be covered with an
granular flows down inclined channels, authors found thatg tielectrostatic film.

340

<
7

forzgs steady uniform flow, the discharge equation was: Flow depth was measured using electronic ultrasonic sen-
<h®> (with h the flow depth andg the flow rat¢ [29]  g5r5 | RS3 provided by Weidiflar (Germany. This sensor
whereas others found a relation in the formpfh [28]. sent an ultrasonic wave, then measured the time necessary

The present paper reports an investigation of the flowo the wave to return by reflection against the free surface,
properties of dry granular flows down an inclined channel.ang finally computed the distance separating it from the free
To supplement the detailed experiments performed by face. Due to the width of the spot, the flow depth was
Johnson, Nott, and Jackspil] on dry granular flows down  ayeraged on a surface of 18 &nfrour or six ultrasonic sen-
smooth chutes, here we focus our attention on flows down @45 \were connected to a computer via a data acquisition
rough bottom. First we will describe the materials used angyayice operating at a sampling rate of 100 Hz. Signals emit-
the experimental procedure in Sec. II. Section [l will present;oq by sensors were collected, filtered, and averaged over a
the experimental data and discuss on the different paramete(‘rﬁ,en time intervalgenerally 10 ¥ Uncertainty in the mea-
influencing flow properties. Section IV will examine various g;rements was normally less than 0.1 mm according to the
theoretical models developed to model granular flows in dnanufacturer, but due to various disturbing effesaitation
frictional-collisional regime. Their predictions will be com- of particles, roughness of the free surface, air motion due to

pared with our data. the large velocity at the free surfacave found that the
uncertainty was much greater, close to 1 mm for the coarsest
Il. EXPERIMENTAL SETUP AND PROCEDURES particles. For 2-mm glass beads, uncertainty on the flow

depth was as high as 10% while it did not exceed a few

percent for small particles. Velocity profiles at the sidewalls
As illustrated in Fig. 2, the experimental setup consistecand the free surface were measured using a video camera

of a 2-m-long channel, two hoppers, and a pumping systen{Pulnix progressive scan TM-6705AN coupled to an acqui-

A. Experimental device
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TABLE |. Main features of particles. LI L R L R B BN
30 /.\- -
d Grain size ¢ | -

Material Compositionpp(kg/m?') (mm) distribution  (°) ”s —n— 326° ¢=61.7
Material 1 Glass 2460 0.36  Poorly sorted 26.5 | Izggc;‘:i:;
Material 2 Glass 2460 0.97 Poorly sorted 26.5
Material 3 Glass 2460 2.0 Well calibrated 26.5 1 - i
Material 4 Glass 2460 3.0 Well calibrated 265 = | o——* * *
Material 5 Sand 2650 0.33 Poorly sorted 36.0 154 -
sition card, Meteor Il MC, provided by Matrg>and an im- 7 ./ ’
age processing systeffWIMA software provided by the {1 0—re— l
University of Saint-Etienne, FrangePictures were acquired S——T 71T 71T T 7T T T 1T T
at a rate of 208 frames/s. Even though particles glided alon¢ % ¢! 02 03 04 05 06 07 08 09
the sidewalls, it turned out that the velocity underwent a ©L

significant decrease near the walls. The thickness of the dis- £ 4. variation of the dimensionless flow depth as a function

turbed zone was estimated at five layers of particles. Whegs ihe gistance from the channel etécaled by the channel length

we compared the free-surface velocity at the sidewall and &by three different slopes and dimensionless flow rates. The channel
the centerline, we found that the relative decrease rangegidth was 4.8 cm.

from 30% to 50%. Moreover, as velocities at the free-surface

were at times very largeexceeding 1 mjs uncertainty could 137 source, which operated with an activity of about 7 mCi.
be significant in the upper part of the velocity profile andThe signal was collected by a receiving system made up of a
indeed exceeded 10%, while it was less than 6% close to the:intillation crystal(Nal activated by thalliunwith a pho-
channel base. Measuring the velocity profiles at the sidewa{lomump“er' The channel was located between the emitting
was expected to provide only qualitative information. Be-ang receiving systems. Measurements were performed at dif-

cause of these severe limitations, we did not try to measurgyrent points across the flow depth. Uncertainty on the den-
the temperature profiles, which would have been even morsjty was less than 4%.

influenced by the sidewalls.

Density profiles were measured usingradiation tech-
nigues. These techniques involve measuring the quantity of
y photons emitted by a radioactive source that is absorbed by For our tests, we used different kinds of glass beads and
a material of density and thicknessV[36]. The density can fine sand. The mean diametéranged from 0.36 mm to 2
then be computed apW=—K In(l/lo)/u’, wherel, denotes MM. The main characteristics of these materials are reported
the intensity ofy photons emitted by the radioactive source,in Table I. Apart from beads 2 mm in diameter, the material
| the measured intensity of photons after crossing the maté¥as poorly sorted with a gradation in size. For 2-mm glass
rial, ' the absorption coefficieriper unit masp K a fitting ~ P€ads, the manufacturer’s tolerance on the diameter was
parameter depending on the apparatus. We used a Cesitdi%- In Fig. 3, we give the size distribution of the finest
glass beads, which was determined using a laser device de-
signed by Malvern. We also determined the internal friction

B. Materials

100 —rTT T T — g
—&— fine glass beads // 1 NO STEADY IMMATURE ———
80 d =0.36 mm o/ i 9 UNIFORM , SLIDING e
. FL
g — & fine sand FLOW oW
-.E d=0.33 mm
E 60 —&— medium glass beads /¢ _
g . 3
B “1 ol T 4.
g y
[=]
£ /
& 20+ o J
/ u
0 P _/. A_4A/‘ .
L) T v v v L) [y
100 1000 > o
mean diameter (um) 6, ~¢ 0,~¢

FIG. 3. Volume or mass size distribution of the poorly sorted FIG. 5. Schematic diagram delineating the different regimes de-
materials. pending on the channel slope and flow rate.
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regime could occupy a limited part of the channel length. For
instance, at low and high slopes, this part represented 20% of
the total length while for an intermediate slope (30°) the
flow was uniform over almost the entire length.

IIl. EXPERIMENTAL DATA AND DISCUSSIONS

The observed behavior was quite complex and is, prob-
ably, best explained by first describing the typical flow pat-
tern, then by examining each regime of this overall pattern,
indicating the common points in the behavior observed
for various materials and the diverging points as well. In
the following, we use dimensionless parameterg;
=q/(d\/gd), h, =h/d, u, =u/ \/gd, with g the gravity ac-
celeration. The mean velocity was computed dd:
=g/h (U,=q, /h,). The dischargey per unit width was
deduced from the mass flow rate per unit widfh by as-
suming that the density was nearly uniform for a steady flow:

FIG. 6. Development of a stationary wedge when the channeqngppq, with E: 0.6. This was obviously quite a crude
slope is lower than a critical value, and the discharge exceeds a assumption since it was experimentally found that bulk den-
critical value. sity ranged from 0.47 to 0.58 and could be as low as 0.38 for

dilute flows on high slopes. At this stage, it is also worth
angle of the materials by using soil-mechanics techniquegentioning that in the scaling of the flow rate, we did not
(triaxial). Uncertainty on the internal friction angle was take the channel width into account. Given the narrow chan-
+0.5°. Abrasion occurred due to Sigl’lificant friction inside nel and the sidewall effects’ we expected the width to influ-
the recirculation SyStem, but this did not cause a Signiﬁcanénce the discharge_ Such an effect is well known in hydrau_
change in the material propertiésphericity, internal friction  |ics, where for narrow, straight, smooth, rectangular

angle during our tests. channels, it has been shown that the total flow rate scales as
Wh*" for shallow flows but as\(/h)%" for thick flows[35].
C. Experimental procedure Even in this simple caséNewtonian fluids and uniform

The following experimental procedure was used. We sef0Ughnesk it is far from easy to include the width effect
lected a channel-base roughness. The fousix) ultrasonic ~ directly in the scaling of the flow rate by using a single
sensors were initialized. For a given channel inclination, weXPression. This explains why here we prefer not to include
imposed a mass flow rate by rotating the cone-shaped valv¥/ in the scaling ofg.
of the supply hopper. We recorded the signals of flow depth
measurement given by ultrasonic sensors at four or six dif-
ferent locations. As with a typical flow depth, we kept the
valugs) measured in the region where the flow reached a Experimentally it was observed that three parameters
uniform depth. Figure 4 shows different streamwise profilegplayed a key role in the granular flow dynamics: first the
of the flow depth for different slopes. It can be seen that theehannel inclination and to a lesser extent the discharge and
region where a uniform flow depth was reached in a steadghe kind of roughness. On the whole, we found that, qualita-

A. Flow regimes: Qualitative observations

0.6 —

A

d=2 mm (r=2 mm)
d=1 mm (r=1 mm)
d=0,36 mm (r=0.36 mm)

054 ] d=2 mm (r=1 mm)

A
A®Onm

0.4 - E
FIG. 7. Estimation of critical

L 4 .

& ) o Froude number below which a
0.3 4 * - stationary wedge develops along
uniform flow " o~ the channel bottom.

PECa 1
0 .- <
n _--" Sso
0.2 o T g ]
" l stationary wedge
0.1 T T T T T T T T T T T
250 25.5 26.0 26.5 27.0 275
8
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tively, our observed flow pattern was similar to that de- 1% .
scribed by Savaggl] even though differences were detected @ . » . "
(mainly because we investigated flow properties over a wider
range of flow rates In the following, we will use his termi-
nology to refer to the different regimésee Fig. 5. 10
For a steady uniform flow to occur, the channel inclina-
tion must be in excess of a critical valdg (approximately
24 ° for glass beadsFor a slope ranging from; to another R
critical value 6,, very close to the internal friction angle of \ a
the materialp (26.5° for glass beaglsa steady uniform 80 90 100 200 300 400
flow was possible, but it was stable only for a narrow range
of the mass flow rate. For large mass flow rates, a stationan
wedge-shaped layer developed along the channel bottom an®
induced a change in the bottom slope over which the granu:
lar material flowed(see Fig. 6. Flows of this regime have
been called “immature sliding flows.” As the stationary
wedge could be observed only at the channel sidewalls, we =
wondered whether it spanned across the channel or was Ic
calized at the corners. The former interpretation appeared t
us as the more probable, since when we stopped supplyin
the material, we observed a stationary wedge covering the 100 1000
channel bottom and not a string of particles trapped along the 4.
corners. We also measured the inclinatioiito the horizon-
tal) of the boundary separating the flowing material from the ©

° &m

"™ U 0o
pPeevcsoORNUDED
«

* 5 o9

38 8 &5 383388
resosrOoNDEd
8

smo ©

>

25°

stationary material at the sidewall. On the whole, the aagle I . . v
depended a great deal on the roughness type as well as tt 50 N > 2
initial channel slope, and to a lesser extent on the flow rate. 0 2 o a0°

w
=3
ocEm
o m m

For instance, the dead zone formation was achieved at suk
stantially higher discharges when reducing the roughnes:
size(see Fig. J. Moreover, the angle: barely exceeded the
internal friction angle. In the case of 2-mm glass bead flows
along a bottom made up of the same material, for example 10
Aa=a— ¢ ranged from 0.9° to 1.9°. We failed to find a 10 @ 1000
reproducible close correspondence between the value of

and flow conditions. Even in determining the flow conditions FIG. 8. Discharge curve@imensionless flow depth, versus
for WhICh a Stauonary Wedge developed’ we were faced Wltﬁjlmenslonless mass flow rmﬁ) for 0.36-mm glaSS beads f|OWII‘lg
widely distributed data scattering: in Fig. 7, we have reported® W=25 mm andr=0.36 mm.(b) W=48 mm and =0.36 mm.
the critical Froude number separating flows without and© W=48 mm and =1 mm.

with & stationary wedge. The critical Froude number Was and the flow was thin. Conversely, for a large discharge
estimated as FrU/\gh=U%%; Y2 where U,h) corre- y ' Y: g ge,

- * : . the flow was much thicker and particles moved more slowly.
sponded to the limiting flow conditions for which a uniform For slopes in excess of the third critical valdg, which

gow ;vas obsbervablel.dFrom one i_xpertllmegt to ar:other, ;h'ﬁepended on the discharge, the particles of the upper layers
roude number could vary signiicantly. For instance, 1or,, .o increasingly agitated with increasing discharge or

2-mm glass beads flowing down a channel inclined at 25 slope. They were no longer in close contact but in saltation

the critical Froude number ranged from 0.12 to 0.22. Theand thus the accurate position of the free surface was hard

c_haracteristic time associa'_ced with the formation of the sta) measure. Such a regime has been called a “splashing
tionary zone was long, typically between 40 s and 60 s forre S
: . gime.

our tests. Observations at the sidewalls revealed that the ve-
locity profile was almost linear and the density was nearly
uniform close to the bottom but decreased significantly near
the free surface. All the raw data are presented in Figs. 8—14. For each

For slopes ranging fron®, to another critical valugds material and roughness, we have reported the discharge
(approximately 34 °—35° for glass beada steady uniform curves and the variations in the mean velocity as a function
flow occurred. Such a regime has been called a “fully devel-of the flow rate and slope. In order to identify flow regimes,
oped steady regime.” The flow density was rather uniformwe have reported experimental points in dimensionless log-
throughout the flow depth except near the free surface. Insideg plots and we tried to fit them with power functioreg;
the slope ranggé,, 65, various types of flow were possible =h} andU, «q] (normally we should obtaim=1—n"1
depending on the flow ratésee below. Generally we ob- since U, =q, /h,). This was usually achieved using the
served that at low discharge, particles reached a large veloteast-squares method on parts of the experimental curves.

hid

slope 1

B. Discharge curves
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FIG. 9. Variation in the dimensionless mean velodity as a FIG. 10. Discharge curves for 1-mm glass beads flowiajy.

function of the dimensionless mass flow rgte for 0.36-mm glass =48 mm andr=1 mm. (b) W=48 mm andr=0.36 mm. (c)
beads flowing(a) W=25 mm and =0.36 mm; the arrows indicate \w=48 mm andr=2 mm.

the data used for Fig. 1@ransition from regime\ to regimeB). (b)
W=48 mm anadr =0.36 mm.(c) W=48 mm andr=1 mm. slope, the greater the rate of decay. On the whole, small
changes in the slope induced substantial changes in the mean
Figures 8 and 9 express the variations in the dimensionvelocities. For#=28°, there were two types of behavior
less flow depth and the mean velocity with respect to th&lepending on the flow rate. Fay, =170, the flow depth
flow rate for 0.36-mm glass beads. Figure®)8and 9a) increased almost linearly with the flow rate~1), which
include the experimental data obtained with a roughness dmplies that the mean flow velocity was fairly constant, as
0.36-mm glass beads and a 25-mm channel width while Figgshown in Fig. @a). The influence of the channel slope was
8(b), 8(c), 9(b), and 9o) include the data obtained with the regular. In contrast, foq, <170, the behavior was much
wide channel and different degrees of roughness. As state@ore complex. When fitting the mean velocity with power
above, a noticeable feature is the change in behavior wheftinctions g}, we found thatm~1 for §=28°, m~0 on
the channel slope passes from 26 ° to 28 °, Hes close to  average foré in the range 29=31°, andm~—1 for @
the internal friction anglep. Such an effect is particularly >32°. Moreover, the transition from lower to higher dis-
obvious for mean velocitigsee Fig. @) ]: when the channel charges was generally continuous, but in some céges
slope was increased from 27 ° to 28 °, the mean velocity was=28 ° andd=35 ° in Fig. 9a)], there was an abrupt jump at
doubled at high discharges. Fé27 °, we have reported ¢, =170.
data pertaining to a fully uniform flowi.e., we discarded Similar experiments were performed with a 48-mm-wide
data associated with the development of a stationary layer ahannel and a 0.36-mm roughnepsee Figs. &) and
the bottom. Surprisingly enough, for such a domain of 9(b)]. On the whole, the flow pattern was close to that
slopes, the mean velocity first increased, reached a maxébserved with the narrow channel. At low dischargegsg (
mum, then decreased for increasing flow rates: the lower the=q., ~275-290, velocities varied agj with m, ranging
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FIG. 12. Discharge curves for 2-mm glass beads flowiay.
W=48 mm andr=2 mm. (b) W=48 mm andr=0.36 mm. (c)
FIG. 11. Variation in the dimensionless mean velotity as a ~ W=48 mm andr=1 mm.
function of the dimensionless mass flow ratg for 1-mm glass
beads flowing.(a) W=48 mm andr=1 mm; the arrows indicate and 9c)]. For this configuration, the flow pattern differed
the data used for Fig. 1@ransition from regimeA to regimeB). (b) from the two previous ones in that we did not observe the
W=48 mm andr =0.36 mm.(c) W=48 mm andr =2 mm. asymptotic regimé&J, ~cst The mean velocities varied as
gy with m, ranging from 0.33 to 0.45. As the channel was

est slopes §=34 °), this trend was less obvious due to datarougher for this S?t of experim_ents, a lower mean velocity
scattering. At high discharges, the velocities reached a see /as expected. Th'_s was experlronentally checked Qxcept for
ingly constant value. This trend was less evident than for thd®Wer slopes. Strikingly, ab=27°, the mean velocity was
former case W=25 mm) since here the critical flow rate 20% higher than for the smoother channel. _
was too close to the maximum achievable flow rate. Com- Figures 10 and 11 include all the data obtained with 1-mm
pared to data obtained with the narrow channel, velocitie§lass beads. On the whole, when they flowed over a 1-mm
were slightly lower: the relative difference usually did not rough bottom, these beads exhibited the same flow pattern as
exceed 5%, except for largest slopes=34 °) for which it ~ for 0.36-mm glass beadsee Figs. 1@ and 11a)], namely,
reached 20%. Nevertheless, the critical flow rate arounédy variation in the mean velocity at low discharges, a fairly
which flow passed from the first regim&( «q}', #0) to linear discharge curve at large flow rates<1), and sudden
another one Y, ~cst) was significantly higher: with the changes in bulk behavior for slopes close to the internal fric-
wide channel, we foundy, ~275-290 for #<34° and tion angle and for slopes exceeding 34 °. Closely examining
Qe ~420-430 for6=34"° while we foundg., ~150-170 the experimental curves revealed other interesting features.
for the narrow channel. The ratio between the two criticalFirst, the “asymptotic” regime at large discharges was less
values(approx 1.7 was close to the width raticl.9). marked than for 0.36-mm glass beads. When using the least-
Another set of experiments was performed with the broagquares method to fit data at large discharges, we found that
channel equipped with the 1-mm roughné¢sse Figs. &)  the mean velocity scaled ag, with m~0.04-0.06 for@

'

from 0.51 to 0.66mean computed value: 0.6%or the larg-
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FIG. 14. Discharge curves for sand.

0.36-mm glass beads for which 28° was the critical slope
around which significant changes in bulk behavior were ob-
served, here we found that such changes occurred between
26° and 27°.

Similar experiments were performed with different rough-
nesses. When the roughness was made up of 0.36-mm glass
beads, the separation into two regimes was more digiseet
Figs. 10 and 1()]. Indeed, for flow rates in excess of a
critical value around 70, we observed an asymptotic regime
for which the discharge curve was linear, implying that the
mean velocity was constant. For flow rates lower than 70, the
mean velocities varied as a power function of the flow rate:
U, =qy . The exponentn depended on the slope as shown in
Fig. 11(b): we foundm~0.35 for §<28°, 0.0km<0.05
for 29°=< =< 33°, and—0.32<m< —0.06 for 34 #. When
the roughness was made up of 2-mm glass béseks Figs.

10(c) and 11c)], we still observed two regimes depending on
4 whether the flow rate was in excess of a critical value close
to 70. At low discharges, the mean velocity was an increas-
ing function of the flow ratelU, «q}' with m=0.48+0.09.
In contrast, at high discharges, the mean velocity was a de-
creasing function, with an exponent taking a value close to
—0.6 for slopes lower than 28° and close d.03 for 6
=29°. Contrary to previous experiments, the critical flow
rate associated with this change in behavior was not constant
but increased with the slope, from 70 fée=26° to 120 for
0=29°.

FIG. 13. Variation in the dimensionless mean velotity as a
function of the dimensionless mass flow rate for 2-mm glass
beads flowing.(a) W=48 mm andr =2 mm; the arrows indicate
the data used for Fig. 1@ransition from regime to regimeB). (b)
W=48 mm andr =0.36 mm.(c) W=48 mm andr=1 mm.

<28 ° while we obtainean=0.14+0.04 for 29 < 9=<33°.
For the largest slopes¥&34 °), the exponentn was nega-
tive: —0.29<m=<-0.15. Second, at low flow rates, the
mean velocity varied af); with m~0.33 for #<26° but Figures 12 and 13 summarize the experimental data con-
m=0.57+0.1 for 27°<#=<33°. For large slopes & cerning 2-mm glass beads and different roughnesses. Figures
=34°), the discharge curve seemed to be almost linear over2(@) and 13a) report the data obtained with a 2-mm rough-
the range of flow rates 40—80 but the fluctuations were todess. Even though bulk behavior presented features common
high for a sharp trend to be revealed. Third, when examiningo those observed with finer materials, it differed signifi-
Figs. 1@a) and 11a), we found two critical values of the cantly on many points. For slop&ss28°, large fluctuations
dimensionless flow rate, for which there was a change in th# the flow depth induced a significant data scattering. As
flow behavior. In the vicinity ofg., ~68—-84, there was a reported ford=26.5°, the mean velocity varied in the range
systematic but continuous decrease in the exponent of tHé6-1.3, without a clear trend being outlined. The mean ve-
discharge equations, e.g., from 0.57 to 0.14 for slopes randocity curve first increased, then flattened out over a fairly
ing from 27° to 33°. Another seemingly critical value was Wide range of flow rates, and finally decreased slowly. For
revealed by the peculiar behavior of the 28° and 37° dis29°< #<33°, two regimes were identified depending on the
charge curves ai., ~110. For these two inclinations, there discharge. At low discharges, the mean velocity rosé as

was a sudden and odd change in the discharge curves, whietfly . The exponentm was a decreasing function of the
either decreased or increased abruptly. Fourth, in contrast ®lope: the least-squares method gawe-0.6 for §=29°

011304-9



CHRISTOPHE ANCEY PHYSICAL REVIEW E 65 011304
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Ancey and Evesque's model A=51 o )

-~ - - - Ancey and Evesque’s model A=30 FIG. 15. Variation in the coef-
===+ Ancey and Evesque’s madel A=10 ficient B as a function of the slope
in regime A. Experimental data
were taken from Figs.(®), 11(a),

and 13a).
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againstm~0.28 for §=33°. At large discharges, the mean of the internal friction angle, experiments could be per-
velocity increased more slowly with the flow rate since theformed over a tight range of slopes. Nevertheless, it was
exponentm was found close to 020.1. For 6=34°, a  observed that for slopes in excess of the internal friction
single regime could be identified within the range of testedangle and for sufficiently higher discharges, the discharge
flow rates. As for 29% §<33°, we found tham was a de-  curve was approximately linear.

creasing function of the slope, varying from 0.28 fér In summary, when comparing the various experimental
=33° to—0.09 for#=35°. When a 0.36-mm roughness was trends appearing in Figs. 8 —14 with bulk behaviors usually
used instead of a 2-mm roughnefsee Figs. 1®) and  exhibited by various other complex fluidésuspension,
13(b)], we observed small changes. Surprisingly, howeverpastes, etg, the most striking feature is the great variability
when we used a 1-mm roughngsse Figs. 1&) and 13c)],  of the discharge curves with respect to the particle diameter,
more substantial changes occurred. On the whole, dor e roughness size, and the channel slope. Any attempt to
=27°, the velocities were constant over the range of testefl«siny fully developed flows is rendered difficult by this
flow rates. A striking feature was that rather systematically atsensitivity of the experimental data to even small changes in

low discharges fo#=27.5°, the mean velocities were much

higher compared to those measured with the two other dé—hf? control pirameter(slope, roxghne(zjsﬁnld th.?. number fth
grees of roughness: indeed, fqr =30, the dimensionless c ects 1o take Into account. A cru € classl 'Catlon O.t ¢
velocities ranged from 5 to 8 whereas they did not exceed glscharge curves could be _the following. For_an mc_lmed
for 2-mm and 0.36-mm roughnesses. Another interesting feaqhannel_, whose roughness IS made_ up of particles with the
ture was that these velocities corresponding to shallow flow§2Me diameter as the flowing particles, there are two re-
of vigorously agitated particles decreased abruptly or, ifdimes. The first regime, which we call “regin#e” occurs at
other words, flows thickened suddenly at a given critical dis]OW discharges and is characterized by an equation in the
chargeq,, . This can be seen in Fig. (@ for §=27.5° at form U, =A(6)q;’, with m ranging from 0.66 to 0.3%or,

Ocs ~15, 6=28.5° atq., ~27, and9=29° atq., ~39. equivalently,g, =A"(6)h] , with nin the range 2-3]. The
Figure 14 reports the data obtained with fine sand. Comsecond regime, referred to as “reginB” occurs at high
pared to glass beads, fluctuations in the flow depth signalischarges and it is characterized by a fairly linear discharge

were much more significant. Moreover, due to the high valuesurve since the flow depth varies gg=B"(6)h} , with n

d=0.36 mm W=25 mm FIG. 16. Plot of the critical
d=0.36 mm W=48 mm Froude number(transition from
:; mm wjﬁ mm regimes A to B vs channel slope.
44 - -E::|. Igg(lin_ear:t;:ilitylimit) The dashed curve represents the
. | limits of linear stability given by
Mills et al.'s model. The arrows

* o ] indicate that when the flow rate is
increased progressively from zero,
regime B Tegime A first regime A occurs (leading to

| R it At Attt 1 an increase in the Froude num-
14 A ben, then, after the critical value
1 1 has been reached, regiBeccurs
(leading to a decrease in the
Froude number

pE OO

Fr

T 7 T T 1T 7 1T "7 1"
26 27 28 29 30 31 32 33 34 35 36
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L0

T Froude number for slopes in excess of 30°, as can be seen in
09 Fig. 16 for 0.36-mm glass beads. Data corresponding to
05 1 2-mm glass beads are far below the experimental curves as-
' sociated with 1-mm and 0.36-mm glass beads.
0.7 1 For a rougher channel bottom, two regimes were identi-
0.6 i fied. The first regime presents features similar to reghne
above, namely, the coefficiemt in the discharge equation
=3 51 ranged from 1.85 to 3. At high discharges, the mean velocity
04 e ez getll oh i\e 1 curve either flattened out or decreased: the expoment
03 | O g7 q*=61 A E‘\\ \_ l ranged from—0.58 to—0.03 for 1-mm glass beadisee Fig.
......_....6,:3304::111 A\ 11(c)] while it ranged from 0.16 to 0.29 for 0.36-mm glass
024 e §=37° g =111 Y ] beads flowing down a 1-mm roughndssge Fig. &)]. For a
0.1 4 Savage's model 4 : smoother channel base, the discharge curve was rather flat
00 o Anloeyalnd E;vesc!ue'slmodfel . ‘ ?I L [see Fig. 1&) f(_)r 2-mm glass beads down a.0.36—mm
0.0 ol 02 03 04 05 06 07 roughness and Fig. 1d) for 1-mm glass beads flowing down
0 a 0.36-mm roughnesgs
FIG. 17. Dimensionless density profiles for 1-mm glass beads C. Density and velocity profiles
flowing down a 48-mm-wide channel at three different slopes and . L .
for mass flow rate of 430 g/sy( =61) or 784 g/s §, =111). For Figure 17 expresses the typical variation of the solid frac-

9=27°,h=15(q,=61) or h=26 mm @, =111),9=33°h  tion profile across the depth for three slopes
=14 mm, for #=37°h=8.1 mm. The continuous lines represent (27°, 33°, 37°). In each case, the solid fraction was a de-
the theoretical profile provided by Savage’s model and Ancey an@reasing function of the flow depth. It was close to the maxi-
Evesque’s model. mum random solid concentration at the channel bottom, then
tended towards zero close to the free surface. Depending on
ranging from 0.97 to 1.16or, equivalently,U, =B(6)q), the channel slope, the decrease was more or less regular. For
with m ranging from—0.03 to 0.14. Figures %) and 11a)  low slopes(typically 27° in Fig. 17, for a dimensionless
give typical examples of these regimes. However, such #ow depth up to 0.8, the solid concentration varied slightly
pattern holds partially for 0.36-mm glass beads in a narrown the range 0.55-0.65. Conversely, for high slopes (37°),
channel[see Fig. %] and 2-mm glass beadsee Fig. the solid concentration decreased rapidly. The flow rate had
13(a)]. In Fig. 15, we have reported the variation of the co-little influence on the density profile. For instance, fér
efficient B as a function of the slope. It can be seen that the=27°, doubling the flow raténamely, passing from regime
coefficient is a function of the slope, rapidly increasing for Ato B) did not alter the profile form but led to a larger mean
slopes just in excess of the internal friction angle, then growbulk density(0.55 instead of 0.47 For the same flow con-
ing more slowly for 0.36-mm and 1-mm beads in the wideditions as in Fig. 17, Fig. 18 reports the velocity profile in a
channel. CoefficienB decreases with increasing particle di- dimensionless form. The velocity has been scaled by the ve-
ameterd. In spite of the low number of points, we fitted a locity at the free surface, and the thickness from the bgd
power function to describe the variation B with d. We by the flow depthh. Contrary to density profiles, which rep-
found B(6)xd~ %9092 Apgther interesting point is the resentwidth-averaged values, the velocity profiles were mea-
transition from regime? to regimeB. From a physical view- sured at the sidewalls and thus were strongly disturbed. For
point, it is more convenient to describe this transition ininstance, the mean velocities computed from the experimen-
terms of a dimensionless number. We used the Froude nuntal velocity profiles in Fig. 18 were approximately half the
ber since it is encountered in most transitions concerningnean velocityJ = g/h. However, despite this significant dis-
gravity-driven free-surface flows. Figure 16 reports the variaturbing effect, it is expected that the experimental velocity
tion of the critical Froude number as a function of the slopeprofiles can provide a good idea of the actual velocity pro-
in the case of glass beads flowing down a channel whosles within the flowing materials; moreover, using scaled
roughness size was the same as the flowing bead diametgariables should offset the influence of sidewalls. In regime
Data used for this figure originate from Figgapand 9b), A(#=27° in Fig. 18, the velocity profile was fairly linear
11(a), and 13a) (data marked with an arrowThe critical ~ while in regimeB, it was convex except near the free sur-
Froude number was reached but not exceeded. Indeed, whérce. An inflection point could be identified at approximately
flow was generated with a small flow degtmamely, in re- y/h=~0.8. A striking feature was that the velocity profile on
gime A), the Froude number rose as#HP, with p close to  large slopes was very similar to the typical velocity profile
1, as the flow depth was increased. When the critical Froudmeasured af=33° although velocities were much higher.
number was reached, there was a transition from rediroe
regime B. For regimeB, the Froude number decreased as |v. COMPARISON WITH THEORETICAL MODELS
Fre1/\H as the flow depth was increased. For 1-mm and
0.36-mm glass beads in the wide channel, the critical Froude
number curves were very close. Decreasing the channel To our knowledge, the earliest model suitable to describ-
width provoked an increase in the value of the criticaling granular flows in a frictional-collisional regime down an

A. Theoretical models
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FIG. 18. Dimensionless velocity profiles for 1-mm glass beads flowing down a 48-mm-wide channel at three different slopes and for
various mass flow rates. Fé=27°, h=15 mm (@, =61,u;=0.66 m/g, 6=33°h=14 mm @, =111,u;=0.86 m/g, for 6=37°*h=8.1 mm
(9, =111,u;=2.1 m/9. Theoretical predictions are also reported: Savage’'s midetel(1), with e=0.63, ¢=26.5°, u;=3.5 m/g, Mills
et al’'s model[Eq. (3), with 8=0.0002,¢=26.5°, u;=1.11 m/g are applied usingg=27° andq, =61. Ancey and Evesque’s modélq.
(4), with A=30, ¢=26.5°,u;=2.74 m/g is applied usingd=33° andq, =111.

inclined channel was proposed by Savgg8é|. He assumed Further developments to Savage’s theory were subsequently
that the bulk stress tensor can be divided into a frictional parintroduced by Johnson, Nott, and Jack$ah,4Q, Nott and

and a collisional contribution. The former contribution is es-Jacksor20], and Jacksoh39]. They used a more sophisti-
timated using an empirical relationship derived from thecated kinetic theory(Lun et al’s mode), more complete
Coulomb law used in soil mechanics. In a simple shear flowboundary conditions, and assumed that the normal force ex-
this involves expressing the frictional shear stressras perienced by sustained contacts was a rational function of the
=p,Sing, wherep, is called the mean quasistatic normal solid fraction. In this way, the frictional contribution van-
stress and will be computed from the motion equation. Tashed as the solid fractiog fell below a critical value and
estimate the collisional contribution, Savage used the kineticonversely ash came closer to the maximum solid fraction,
theory developed by Jenkins and Savf8@], leading to an it had an increasing influence on bulk dynamics. Due to
expression of the collisional shear stress in the form  strong nonlinearities in boundary conditions and differential
=2k(2+\) y/5, wherey denotes the shear rate,is a nu-  €duations, the resulting equations of motion must be solved
merical coefficient reflecting the influence of anisotropy innumerically[20]. Anderson and Jacksga1] have presented
the contact distributionX~1), k=2¢%(1+e)gop,d\T/m,  results in the case of a rough plane.

with e the coefficient of restitutiongy(¢) the radial distri- Mills, Loggia, and Tixier have modeled dry granular
bution function, andT the granular temperature. From the lows as motion of a network of transient solid chains
equations of motion including a simplified set of boundarythrough an assembly of particles behaving as a viscous or
conditions (zero energy flux into the beédSavage derived Bagnold(i.e., collisional reglm)aflu.ldl [42,43. In' thg latter

the velocity and density profiles as well as the discharg&@se they assu_med that the collisional contribution can be
equations. He found that the velocity was a linear function ofwritten as 7.= 8y?, where 8 is a constant intrinsic to the

the flow depth: material and the frictional contribution is given by the Cou-
lomb law. Suggesting a further approximation of the inter-
u(y) =Ry3Tpy/d, (1)  play between the weak and strong populations, they arrived

at the following velocity profile:
where R={/10(1-¢€)/3 is a constant and, refers to the

granular temperature at the channel bottonT, )9(’ hiéy
= ¢pgh cosal{2(1+s) p(1+€)gy( )}, Where ¢, denotes the  u(y)= B cosa(tane—tanw)fh / V1l—-e “dz
density at the channel bottom ar@GE[R\/27/(25ntaﬁa) (h=9)/t 3)

—1](1-sing/tand) 1. Thus the discharge equation ds
=R3T,h?/(2d). We deduce that the discharge variegjas
«h®%2 The solid fraction satisfies the equation?gq(¢) where &, is the length correlation of the particle network
— (h—y) ¢20o(ép). The inclination range for which a steady (see Fig. 1, estimated até,~hd. A velocity profile of

uniform flow takes place was found by Savage to be this kind is almost linear except near the free
surface. The density profile is assumed to be uniform

) across the entire flow depth. The discharge varies as
sing 3 [10(1—e) @ g~ pg/(4B) Jcosé(tan6—tang) (h°d)Y4ch?%. A steady

+ =\ —> >sing. . : . :
2 10 ™ tang>siné uniform flow is then possible only if tafi=tane.
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In the frictional-collisional model developed by Ancey fairly linear (slight convexity, the solid fraction decreased
and Evesque, the frictional and collisional contributions toslowly on moving up through the layer, and fofd> 10 the
bulk stress are tightly related and this interplay is governedolid fraction decreased very quicklgnean solid concentra-
by the Coulomb numbe®4]. Arguing that the strong popu- tion close to 0.8 The exponent in the discharge equation
lation plays the key role in the stress generation mechanistjiven by Mills et al’s model is 9/4, relatively close to the
(transmission of forces throughout the network of particles yaluen=5/2 found by Savage. As the experimental value of
while most of the shear work is diSSipated within the Weakn varied in the range 2-3, it has not been possib|e to con-
pOpUIation, the authors arrived at the conclusion that, for th%|ude which exponent gives better predictions_ Savage’s
frictional and collisional contribution to Sa.tiSfy both the mo- model has two input parameters_ For the internal friction
mentum and kinetic-energy balance equations, the energyngle, we took the value found experimentally using a tri-
dissipation rate must be constant on average. They also cogxial. We fitted the coefficient of restitution for the slope
sidered that a frictional-collisional regime—With the mean'range of a steady ﬂo\&Eq (2)] to match the experimenta|
ing N¢,=O(1)—cannot be achieved across the entire flowrange. We founad=0.63. The lower the coefficient of resti-
depth since a collisional boundary layer at the free surfacution is, the wider the range of the steady flow is. Mills
and a frictional Iayer at the bottom should take place. In th%t al_’s model has a Sing'e input parame'@rwhose Value
I’egion where the frictional-collisional regime is aChieVed,WaS adjusted using a Va'ue Of the mean Ve'ocity_ We found:
they found a logarithmic velocity profile B~2x10* for 1-mm glass beads. For reginde the den-
sity profile predicted by Savage’s model was in good agree-
u(y)=—Aydgcosf(tan6—k) In(1—y/h), (4 ment with the experimental data except close to the free sur-
face (see Fig. 17. The slight discrepancy at the free surface
could be explained by the kinetic theory used in Savage’s
model, which neglects the kinetic contribution in the bulk
stress tensor and thus should not be applied to dilute flows.
Sn contrast, the assumption of uniform density made by Mills
et al. was correct only at the channel bottom. As exemplified
by Fig. 18, dimensionless velocity profiles provided by both

where k=tane in most casegbut k=(1+2 tarfe) ! is
possible in some circumstancgd], andA is a dimension-
less parametetintrinsic to the material Close to the free
surface, flow is collisional and the authors used a kineti
theory to compute the velocity profile:

32
u(y)=Adgcosé(tan6d—k) |nE+ 14-6e T, models matched experimental data well. Comparison of the
o Jm gdcosé free-surface velocities shows that valugg provided by the
+d—h models are much larger than measured valugg, . For
% 1—exp( g cosey ” 5) Mills et al’s model, the ratlouexpt_/uth_ was 0:55,_ in other
To words, very close to the reduction in velocity induced by

sidewalls. However, for Savage’s model, this ratio was 0.18;
whereTy=gd cosd is the granular temperature at the colli- Savage’s model overestimated the mean velocity by a factor
sional layer interface and is the thickness of the collisional of 3 for §=27°. We did not observe the change in the ve-
layer, 6=d[A¢tandtand—k/fs($)]?°, where (o) locity profile curvature at the free surface predicted by Mills
=4(1- 92)5290(5)/\/;. The density profile is constant €t al’s model. However, the comparison pould be biased be-
across the flow depth except in the collisional layer where i€ause of wall effects and less accuracy in the measurements
decreases exponentially towards zero. The total discharge f¢ar the free surface. As the mean velocity depends on both

found to be the flow rate and the channel slope, it is not easy to infer the
slope effect directly. In Fig. 19, we chose to plot the variation
S5 6 6 in the mean velocity for a given dischar@e regimeA) as a
q=Aydgcosé(tanfd—k)h| 1+ ning— H) (6)  function of the channel slope for different materials. Both

experimental data and theoretical curves are reported; the

It is a linear increasing function of the flow depth for large INPUt parameters were not altered. For 1-mm glass beads,
flow depths while it decreases for flow depths of the order ofvelocities given by Millset al's model are fairly close to
the collisional layer thickness. A steady uniform flow oc- €xperimental data over the range of slopes and discharges for
curs provided that the channel slope tafies in a limited ~ Which regimeA took place. For 0.3-mm glass beads, veloci-
range[k, (k+A~2C~1)], whereC is a constant. ties are slightly qnderestlmated while for 2-mm glass beads,
they are overestimated by a factor of 2. This may mean that
the input parametef depends on the bead size. In contrast,
Savage’s model fails to give the correct trend for the velocity
In our experiments, regim@& was characterized by a dis- variation with slope over the full range of slopes though it
charge equation in the forgech™ with nin the range 2—3, a  correctly predicts the order of magnitude of velocity for vari-
fairly linear velocity profile, and a slightly varying density ous discharges and materials without adjusting the coeffi-
profile. Qualitatively these points are well described by Sav<ient of restitution.
age’s and Millset al’s models. However, for Anderson and  RegimeB was characterized by a discharge equation in
Jackson’s model, agreement with experimental data is pathe formqech™(n in the range 0.94—1.34nd a convex lin-
tial. Indeed their numerical resulfsee Fig. 10 in Refl41]) ear velocity profile. The density profile in regini2is not
show that forh/d<<10,n~2, the velocity profiles were very different from the one observed for regime Ancey

B. Comparison with experimental data
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FIG. 19. Variation of the dimensionless velocity as a function of slope for a given flow rate and various materials. Experimental data are
represented by squares, circles, and triang@dMills et al’s model (3=0.0002,¢=26.5°).(b) Savage’s modeld=0.63, ¢=26.5°). The
experimental data were taken from Fig$a)9 11(a), and 13a).

and Evesque's model requires two input parameters: the idecity profile. It can be seen in Fig. 18 that the model slightly
ternal friction angle, whose value was inferred from triaxial underestimates the reduced velocify)/u, in the upper part
tests, and a dimensionless parameferwhose value was of the velocity profile. Comparing the free-surface velocities
estimated for each material by adjusting the mean theoreticahows that the theoretical valug,, was three times larger
velocity to the experimental data at a given slape28°.  than the measured valug.,,;, while the expected ratio
For large flow depths, the model provides a linear discharge,,; /u;, (due to sidewall effecjswas closer to 2. More-
equation or equivalently a constant mean velocity in agreeever, in Fig. 18, the inflection point in the experimental ve-
ment with the experimental datsee Figs. 8—13 The de- locity profile was approximately at’h~ 0.8 while the model
pendence of the mean velocity on the channel inclination isocated it aty/h~0.93. This implies that the thickness of the
correctly predicted by this model for fine bea@36-mm  collisional boundary layer at the free surfacé) (was also
and 1-mm glass beagsas shown in Fig. 15. For 0.36-mm underestimated by the model. Furthermore, Fig. 17 shows
glass beads in a narrow channel, the experimental curve vaghat the density profile provided by this model was much
ied almost linearly with the channel slope and thus the themore uniform than the one measured, which first decreased
oretical trendJ , = Jtan#—tane is not satisfied, as shown in regularly for 0<y/h<0.8, then decreased rapidly towards
Fig. 15. The model predicts that the velocity can be split intozero for 0.8<y/h<1. This confirms that the collisional
two parts: a lower part with a convelogarithmig velocity ~ boundary layer was much thicker than predicted by the
profile and an upper part, with a concaiexponentigl ve-  model.

011304-14



DRY GRANULAR FLOWS DOWN AN INCLINED. .. PHYSICAL REVIEW E65 011304

could mean that the transition results from regifrie loss of
stability. However, on the one hand, a linear stability analysis
made using Millset al's equation leads to a critical Froude
number in the form: Fr=12 co$’24//57, namely, a slightly
decreasing function of the slope in contrast to experimental
observationgsee Fig. 16 On the other hand, the critical
Froude number was not exceeded in our experiments while it
should have if the transition results from a loss of linear
stability. Ancey and Evesque have suggested that such a tran-
sition could be governed by the Coulomb number, but ex-
amination of their expression leads to a criterion in the form
0.05 01 05 1 5 10 _NCoéch/d< 10, in disagreement with the experimental data
in Fig. 16. More probably the explanation lies in the exis-
9 tence of two different populationstrong and weak popula-

FIG. 20. Variation of the reduced flow depth as a function of thetions as ericted in Fig.)in reglimeB, 'ea?””Q tolprofound
dimensionless flow rate. The continuous curve represents the fuffl@nNges in the stress generation and distribution. Although
collisional model [Eq. (A9)] and the dashed curve Savage's NO complete numerical simulations have so far been per-

frictional-collisional model. The following parameters have beenformed to elucidate this point, partial results have yielded
used: 6=30°, e=0.63,e,,=0.99, = 26.5°, ¢,=0.66. We found:  valuable clues. Using a contact dynamics model, Prochnow

h.=6.009. and co-workers simulated a regime akin to regimg8].
o ) . o They found that the probability distribution of normal forces

It is interesting to examine the reasons why a frictional-ya5 5 power function for weak forces and exponential for
collisional regime §h0u|d have two very different subregimesstrong forces; moreover, the cutoff between these two popu-
(A andB). A possible answer may be found by examining|ations was only slightly pronounced and the stress distribu-
the role played by collisions. The appendix addresses the fuljon was fairly uniform within the flowing layer. In contrast,
collisional regime down an inclined channel. For Comparisorhsing a similar numerical model to investigate a full fric-
with Savage’s frictional-collisional model, the same bound-tjgng| regime, Radjaet al. obtained a marked separation
ary conditions have been used. It is shown that for shallowyetween weak and strong force distributions, leading to
flows, the flow rateq scales a®? but when the flow depth  strong heterogeneity in stress distribution within the flowing
is raised to a critical valué, (typically h, has few diam- |ayer[4]. Thus, in these simulations, the frictional contribu-
eterg, the discharge curve is seen to rise to a maximum, thefion to bulk stress could be either diffuse throughout the
rapidly decrease to give zero flux at the valbg. This  |ayer or concentrated along force chains. It has been sug-
means that the flow depth is a nonunique function of the ﬂOV\gested that the transition from regimeto B results mainly
rate (but the brancth-h. in Fig. 20 is probably unstableA  from these changes in frictional stress generation.
typical example of variation is reported in Fig. 20. The same  \ost theoretical models have found that the channel in-
figure superimposes the predictions of Savage’s frictionalglination must exceed the internal friction angiefor steady
collisional model. At low flow depths, the two curves coin- uniform ﬂOWS to occur. However, we Observed Steady uni_
cide, but as the flow depth increases, the frictional-collisionatgrm flows for channel slopes as low as 24° provided that the
model curve breaks away from that of the full collisional flow rate was not too h|gh At h|gher flow rates] the flow
model and goes on rising monotonically. The same behaviohecame unstable and a stationary wedge developed along the

was also obtained in the numerical simulations performed byed. No theoretical explanation has been provided to explain
Anderson and Jackso#1] using very different boundary nstability of this kind.

conditions(smooth bottomand a slightly different constitu-
tive equation. As prl'manly .po_|nted out _by Anderson .and V. CONCLUDING REMARKS
Jacksor{41], introducing a frictional term into the constitu-
tive equation can eliminate apparent discrepancies appearing In this paper, we have presented experimental investiga-
in a full collisional theory at high flow rates, even though tions of dry granular flows down an inclined channel with a
bulk stress is mainly generated from collisions. It also has a@ough bottom. The observed flow pattern mainly depended
physical significance since it is expected that in dense flowsyn the channel inclination. Steady uniform flows, which
the frictional contribution, whose magnitude is given by thewere stable over a fairly wide range of flow rates, were ob-
flowing layer’s own weight, has an increasing role in bulk served for slopes exceeding the internal friction angle of the
dynamics as the flow depth increases. Finally, reghrman  flowing material. Two regimes were identified. For shallow
be considered as a frictional-collisional regime, in which col-flows, the discharge equation was in the fagmh®? and the
lisions still play the key role in the bulk stress generationvelocity profile was approximately linedregimeA) in ac-
(whence theh" scaling of the discharge curve, withclose  cordance with other experimental observatifi?ig 29,33. At
to 5/2). high flow rates, the discharge was line@egime B); the

It has been experimentally observed that the transition t@elocity profile was convex close to the channel bottom and
regimeB is controlled by the Froude number. As is usual inconcave near the free surface. Similar characteristics have
instability of many free-surface gravity-driven flows, this also been observed by certain autH@2-25. Other param-
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FIG. 21. Comparison of the full collisional model with experimental déiaVariation in the dimensionless velocity as a function of
slope for a given flow ratg, =42, and 1-mm glass beads. Experimental data are represented bipgusiation in the dimensionless flow
depth. The continuous curves correspona100.85 while the dashed curves were computed usin@.87. The experimental data were
taken from Figs. 1@) and 11a).

eters such as the channel roughness or the particle diametaent. MichaéProchnow provided Fig. 1. | also thank Stuart
can affect the flow pattern to a varying extent. DifferentSavage, HerveCapart, Luigi Fraccarolo, Michele Larcher,
types of instability and transition were also observed. Forand Benoit Spierewine for valuable discussions that we had
channel inclinations lower than the internal friction angle,in the European Summer School held at Saint-Oyen.

the flow became rapidly unstable and a stationary wedge

developed along the bed. The transition from regivi® B APPENDIX

could be either smooth or abrupt.

This paper has also presented a comparison between the- The appendix examines a purely collisional regime down
oretical models and our experimental data. Savage'dn inclined channel in order to provide a fully analytical
frictional-collisional model as well as Millst al.s empirical ~ approximate solution; similar treatments can be found in the
model provide results that capture the main flow features thaapers by Savad@7], Jenking45], and Anderson and Jack-
we observed for regimé. This good agreement suggests son[41]. Numerical simulation$46,47] have also been pre-
that regimeA is a frictional-collisional regime, where the sented, but we do not refer to them here. We use the kinetic
collisional contribution imparts most of its features to bulk theory proposed by Jenkins and Sav§8@], whose param-
stress. For regim®, Ancey and Evesque’s model yield sat- eters have simple expressions, but as the treatment is rather
isfactory results. According to this model, regirBediffers  general, alternative models may also be used. For kinetic
from regimeA in that an increasing role is played by fric- theories, the constitutive equation has the following generic
tional contacts in bulk dynamics. Furthermore, comparisorexpression:
with recent numerical simulation&ontact dynamigssug-
gests that the transition from reginfeto B could reflect 3P = —(p+p,V-u)l+2uD, (A1)
substantial changes in particle networks carrying frictional
forces: in regimeA, particle agitation limits the formation of where p, u,, #  are  respectively the  pres-
chains with strong forces throughout the flowing layer. Forsure, bulk viscosity, and effective shear viscosity:
regimeB, the stress distribution within the bulk is controlled p=ppfi(¢h,€)T, u=pydfs(p,.e) JT, Q=—ppdfs(e.€)

by the strong frictional force network while collisions are XﬁVT+ppdf4(¢ )TV ¢ é=pp/df5(¢ ) T2 where

concentrated in clusters. Further numerical simulation denotes the pseudothermal eneray flux anthe ener
should be performed to specify the way in which the transi- P 9y 9y

tion from regimeA to B occurs, and notably which criterion ?r:nl:n ’Ar‘]st‘ lr.lnsual, \{[\genafﬁumﬁ trhm;?'nm addltlgnntio ';]he ded:
governs the transition. omentum equation, the energy balance equation is needed:

3 dT .
ACKNOWLEDGMENTS §Pm=tf(2(c%)|.D)—V‘Q—8- (A2)

This study was supported by the Cemagref and funding . o
was provided by the |nstitut Nationa' des Sciences de We assume that the ﬂOW IS SUff|C|ent|y d_ense fOI‘ the |Oca|
L'Univers of the CNRS(PNRN 99 29 C7. Additional sup- concentration to be close to its mean valieln a simple
port from the European program “Debris Flow RiskGrant  shear velocity, the velocity is in the form(0,u(y),0). Thus
No. ENV4-CT96-0253 DG12-D is gratefully acknowl- the continuity equation is systematically satisfied. A com-
edged. | am grateful to Pascal Moucheront, FoasicChev-  plete and clearly validated formulation of boundary condi-
oir, Emmanuel Azanza, Jacques Tewg for their help in tions (at a solid wall is still lacking: complicated and
measuring the density profiles. | thank Philippe Coussot andoupled phenomenguch as torque transmission, depletion,
Pierre Evesque for their valuable comments and encourag@ropagation of elastic waves through the bumpy bottom sur-
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face[48]) certainly affect the energy balance, but the ques-
tion of how they interact is quite confused. In most available
theoretical treatments, the energy balance is deduced fror
heuristic considerations and thus involves a series of empiri-
cal (indeterminatg parameters. Here we simply assume thaty/h
the energy balance given by E@2) still holds true, but, in
accordance with studies on the motion of a single particle
down a bumpy lind49], it is thought that inelastic dissipa-
tion acts as the main sink for granular temperature. There-
fore, as a first approximation, we neglect the influence of the
thermal energy fluxQ) in the energy balance equation. Fi-

nally, we obtain:royo=e,-o, Where the subscript 0 refers to
the wall position §=0). The coefficient of restitutiofat the
wall) e,, is normally different from the one used in equations
of motion. In addition, we have to specify the slip velocity at
the bottom surface. Generally, this velocity can be inferred
from the momentum balance equation the vicinity of the
wall). As a first approximation, since these momentum con-
siderations generally lead to a slip velocity expression in the

form uyxRy,<\T, we can neglect it in comparison
with the mean flow velocity:uy~0. Concerning the
boundary conditions at the free surface, it is admitted that the
stress and gradient of thermal energy flux vanish. In the
Jenkins-Savage model, the functiorfs are written as
fi(p.€)=aif(d,€), With ay;=1, a,=2(2+ag)/(5Vm),
ag=1m, a;=0, andas=6(1—e)/\/7, wherea, denotes
a parameter accounting for anisotropy in the collisional con-
tact distribution @Ozll\/F here. We have also introduced
f(p,e)=2(1+e)p°ge() and Carnahan and Starling’s ex-
pression for the radial distribution functiogg(¢)=(1
— ¢12)I(1- $)°.

We are looking for a solution to equations of motion in
the case of a steady uniform flow down a rough plane. As the

normal an_d shear stresses are given by:;g(h—y)sine
and o= —pg(h—y)cosé, we directly deduce the shear rate,

f, tan@

Y%, d (A3)

With our assumption of large flow density, it is possible to
express the granular temperaturefas= pg(h—y)cosé/p,.
Using this relationship and the proportionality between th

normal and shear stresses=(— o tan#), we deduce from
the energy balance equatiéh2) that

y/h

y/h
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FIG. 22. Predictions of the full collisional model down an in-
clined rough plane(a) Profile of the dimensionless velocitib)
®rofile of the dimensionless temperatute) Profile of the solid
fraction. Calculations made fa#=30° andh=10d. The continu-
ous curves correspond ®=0.8 (F<0) while the dashed curves

were computed foe=0.84 (F>0).

. tané
0=¢ppa(h— ysme

o 3

d d Pp a2
+2®ppda3fTa’ﬁ—Ha5fT : (Ad)
Introducing the thermal velocitw= T and substituting

fT by;g(h—y)cosalpp, we obtain

!

— X Fd2w=0 A5
w m W= (A5)
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with F = (a, tarf 6/ a,— as)/(2a3). The solution depends on
the sign ofF. For plane inclinations in excess of a critical
value, 6> 6C=arctan/a1_1a5a2, F is positive. We find6,

=arctan/12(2+ ap)(1—e)/(57) in the Jenkins-Savage
theory. In this case, we can express the thermal velocity in
terms of the Bessel function of the first kind of orderJd)(

Jo(WF(h—y)/d)

Jo(\Fh/d) (A%

w(y)=wy
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Due to the oscillatory nature afy (Jg can be negative 1 3 F h2
Eqg. (A6) is meaningful provided tha]ifh<§od, whereé, is H 5;5,2;— 1
the first root ofJy (£7~2.40). ForF <0 the solution can be d

_ wgtang f; h?
T 29 f,d

written as 1 3 En?
H 2,1,2, 2 dZH. (A9)
| o(V[F[(h—y)/d)
w(y)=Wo W(JIEIhd) (A7) For the flow rate to be positive in the caBe<0, the flow
0 depth must satisfy the conditiofFh<2¢,d, where¢, is the
first root of H (£,~5.57). A series expansion to chief order
where |, is the modified Bessel function of the |eads to the simplified expression of the mass flow rate ver-

first kind of order 0. The thermal velocity at the wall is
determined by the boundary equatiomyfo=g,-0): W, Where M is a dimensionless parameter,M

= \pghsirocos “6f,(¢o)f5 (do)f; (d). The boundary =\af($)/(4asa3). When compared to our experimental
conditions at the free surface are systematically satisfied fo#ata, the full collisional model provides satisfactory trends

both solutions. From EqA7), we directly deduce the veloc- and order of magnitude, as exemplified in Fig. 21. One of the
ity after integration: major issues in this model is the great sensitivity of results

with respect to initial parameters and boundary conditions. In
Fig. 22, we have reported examples of velocity profiles,

sus inclination and flow depthg~tan6ycoséM./gh>¥d,

wotané fq h 1 3 h? F granular temperature distributions, and solid concentration
u=—"g fod H 5’1’51_¥Z profiles for two values of the coefficient of restitutioe (
=0.8 ande=0.84). It clearly appears that significant differ-
h—y (1 3 (h—y)2 F) ences are caused by minute chang#%) in the coefficient
——H|z:ilz;——— |, (A8)  of restitution. Fore=0.84, the solid concentration profile
h 2772 a2 4 decreases strongly towards zero on moving up through the

layer, which is inconsistent with the dense flow assumption.
As most flow conditions satisfyin§g >0 lead to such pro-
files, the physical meaning of this solution may be ques-
tioned. Moreover, the solution associated with-0 implies
that the flow depth does not exceed a critical vaueh,

=F Y2¢,d. The results are very sensitive to the type of
. o boundary conditions, especially for shallow flows. This is
u(y) is convex forF>0 and concave foF <O (itis linear  qrmg| since the boundary conditions specify the manner in
for F=0). For very large negative values Bf the velocity  \yhich energy is put into the flow through the bed. Here, like
profile exhibits a plug flow: only layers near the bed aresavage37], we addressed the case of zero energy flux into
sheared while the upper part of the flow moves as a rigidhe bed and that is why we obtained analogous results. Using
block. Forh/d in excess of about 10, the velocity profile is a diffusive process as boundary conditions, Anderson and

where H is the hypergeometric differential functiony
=1o(\[F[h/d) for F<0 and9=Jy(\/Fh/d) for F>0. An
expansion into a second order series leadsufg)«y
+0(y?®), which indicates that the velocity profile is almost
linear for shallow flows. For thick flows, the velocity profile

no longer linear and a nonsheared zone takes place at the fr@acksor{41] and Jenkin$45] found that the flow depth was

surface. A new integration leads to the discharge equation

independent of the discharge and equah¢o
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